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Abstract
We consider a noncompact hypersurface H in R2N which is the energy level of a singular Hamiltonian
of “strong force” type. Under global geometric assumptions onH, we prove that it carries a closed charac-
teristic, as a consequence of a result by Hofer and Viterbo on the Weinstein conjecture in cotangent bundles
of compact manifolds. Our theorem contains, as particular cases, earlier results on the fixed energy problem
for singular Lagrangian systems of strong force type.
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1. Introduction
Let us consider the problem of the existence of closed trajectories of the Hamiltonian vector-
field
z˙ = XH(z) := J∇H(z),
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H= {z = (q,p) ∈ R2N ; H(z) = const} (N  2).
Here, J denotes the skew-symmetric 2N × 2N matrix J = ( 0 −I
I 0
)
. We assume that H is a
smooth Hamiltonian defined in a neighborhood of H, and that H is a regular energy level of H
(i.e. ∇H(z) = 0 ∀z ∈H).
It is well known that solutions are determined by the geometric properties of the hypersur-
face H: if H is a regular level set for another Hamiltonian function G then XG = λXH on H
with λ a smooth nowhere vanishing function, hence the two vectorfields have, up to repara-
metrization, the same closed trajectories on H; such closed trajectories are also called closed
characteristics on H.
In the case of a compact hypersurface this problem has originated several famous papers: after
the pioneering results by Weinstein [26] and Rabinowitz [17] it was conjectured by Weinstein in
1979 [27] that there exists a closed characteristic under the assumption thatH is of contact type,
i.e. there exists a vectorfield X defined in a neighbourhood of H which is transverse to H and
such that LXω = ω, where LX denotes the Lie derivative and ω is the standard symplectic form
in R2N .
This conjecture was first proved in 1987 by Viterbo [24] using a variational method (see also
Hofer and Zehnder [14]). In 1988 Hofer and Viterbo [13] generalized this result to the case of
H a compact hypersurface in the cotangent bundle of a compact manifold, encircling the zero
section (this last assumption was removed by Viterbo in [25]).
If the case of a compact energy level is by now well understood, the case H noncompact has
not yet been much explored. This latter case will be the subject of our attention because we want
to deal with the case of singular Hamiltonian systems: namely, Hamiltonians which “resemble”
H(q,p) = |p|
2
2
− 1|q|α (α > 0).
Since the works of Gordon [11], Greco [12], Ambrosetti and Coti Zelati [1] and Bahri and
Rabinowitz [5], the existence of periodic solutions of singular Lagrangian systems has been ex-
tensively studied via variational methods. Both prescribed period problem and prescribed energy
problem have been considered. We recommend the book [3] of Ambrosetti and Coti Zelati for a
general view of the subject. Here we will only mention some works on the fixed energy problem.
For a given h ∈ R, the question is to find a periodic solution of
q¨ + ∇V (q) = 0 (1)
satisfying
|q˙|2
2
+ V (q) = h. (2)
The order α of the singularity 0 is crucial in this problem. Direct computations with the model
case V (q) = − 1|q|α lead to the following classification:
• α ∈ (0,2), in this case one expects periodic solutions to have negative energy;
• α > 2, in this case one expects periodic solutions to have positive energy;
• α = 2 which is a “degenerate” case (see [22]).
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eralize the case 0 < α < 2 are called weak force. Note that strong force potentials were first
introduced in a variational problem by Poincaré [16]. As noticed by Poincaré, these potentials
have a remarkable property: a solution with finite action is automatically without collision.
In [2], the existence of periodic solutions is studied for strong force and weak force using the
functional
I (q) = 1
2
1∫
0
|q˙|2
1∫
0
[
h− V (q)]
constrained on
Mh =
{
q ∈ Λ;
1∫
0
V (q)+ 1
2
∇V (q)q = h
}
,
where Λ = {q ∈ H 1(0,1;RN); q(1) = q(0), q(t) = 0 ∀t}. The authors introduce classes of po-
tentials including − 1|q|α and show the existence of periodic solutions for these classes. Note that
their solution may have collisions in the weak force case.
These first results have been extended in several directions.
Concerning the existence question in the weak force case, the assumptions of [2] have been
weakened in [4,7,8,18,20,21], and the existence of a noncollision solution is studied in [4,7,8,
18,20,21]. The work [7] is, to our knowledge, the only one dealing with nonconvex singular
Hamiltonian systems.
In the case of strong force singular Lagrangians, the assumptions of [2] have been consider-
ably weakened by Benci and Giannoni [6] and Pisani [15]. See also [12] for other approaches
related to brake orbits and closed geodesics, and [22] for the limit case α = 2. We also refer
to [23] for the multiplicity under pinching conditions.
In this paper, we give a generalization of the “strong force” case to nonconvex Hamiltoni-
ans, more precisely we will extend the existence results obtained for Lagrangian systems by
Pisani [15]. To prove our theorem we shall use Hofer and Viterbo’s work [13] on the Weinstein
conjecture in cotangent bundles of compact manifolds. The first step will be to make a symplec-
tic change of variables (inspired by [22]), so that the problem becomes a fixed energy problem
for a hypersurface of the cotangent bundle T ∗(R × SN−1). Then we will reduce the problem to
a “compact” question: the existence of closed characteristics on a related compact hypersurface
S of T ∗(S1 × SN−1) satisfying Hofer and Viterbo’s assumptions.
2. Main results
Our starting point is to study the existence of a closed orbit on a hypersurface of T ∗(R ×
SN−1). Since R × SN−1 ⊂ R × RN we endow it with the restriction of the standard metric of
R × RN , this allows us to identify the tangent and cotangent bundles T ∗(R × SN−1) ≈ T (R ×
SN−1), therefore we shall use the following notation:
ξ = (s, u) ∈ R × SN−1 (|u| = 1),
(s, u, τ, v) ∈ T ∗(R × SN−1) (τ ∈ R, v ∈ u⊥).
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with the standard scalar product
η · η′ = (τ, v) · (τ ′, v′) = τ · τ ′ + v · v′.
The same notation will be used for duality products between forms and tangent vectors.
In the following we consider hypersurfaces Σ in T ∗(R × SN−1) which satisfy the following
conditions:
(Σ0) Σ ⊂ T ∗(R × SN−1) is a smooth hypersurface separating T ∗(R × SN−1) in two compo-
nents O1 and O2. The open set O1 contains the zero section of T ∗(R × SN−1) and for all

 < ∞,
sup
{|η|; (s, u, η) ∈O1, |s| 
}< ∞.
(Σ1) There is a smooth vector field ζ defined on T ∗(R × SN−1), transverse to Σ and such that
d(iζΩ) = Ω , where Ω =∑k dηk ∧dξk is the canonical symplectic form on the cotangent
bundle T ∗(R × SN−1).
(Σ2) There are L0 > 0 and k0 > 0 such that
(a) if x = (s;u;η) ∈ T ∗(R × SN−1) satisfies |s| L0, then ζ(x) = (0;η),
(b) if x = (s;u;η) ∈ Σ satisfies |s| L0, then sns  0 and η · nη  k0|η||nη|.
Here n is the unit normal vector of Σ pointing towards O2, ns (respectively nη) is the
s-component (respectively η-component) of n.
Remarks.
(i) (Σ1) is a contact condition (see [27]).
(ii) (Σ2) implies that O1 is starshaped with respect to the η-variable in the region |s| L0.
(iii) (Σ0) implies that a0 := min{|η|; (s, u, η) ∈ Σ, |s| L0} > 0, and the condition sns  0 in
(Σ2) implies that O1 ⊃ {(ξ, η); |η| < a0}.
Now we can state our main result:
Theorem 1. Assume (Σ0,1,2). Then Σ carries at least one closed orbit {x(t) = (ξ(t), η(t)); t ∈
[0, T ]}. This orbit satisfies the estimate
A(x) :=
T∫
0
η · ξ˙ dt  2πr0
with r0 := max{|η|; (0, u, η) ∈ Σ}.
There is a direct connection between the above hypersurface Σ and first order singular Hamil-
tonian systems in R2N . Indeed, after a simple change of variables, Theorem 1 translates as
follows:
Theorem 2. Assume H⊂ R2N satisfies the following conditions:
(H0) H⊂ R2N is a connected smooth hypersurface separating R2N in two components U1 and
U2, such that U1 contains the Lagrangian plane {(q,0); q ∈ RN }, and
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{
(q,p) ∈ RN × RN ; 
−1  |q| 
}
is bounded for all 
 > 1.
(H1) There is a smooth vector field X defined on R2N , transverse to H and such that
d(iXω) = ω, where ω is the standard symplectic form on R2N .
(H2) There are L0 > 0 and k0 > 0 such that
(i) np · p  nq · q if |q| eL0 , (q,p) ∈H,
(ii) np · p  nq · q if |q| e−L0 , (q,p) ∈H,
(iii) X = (0,p) and p · np  k0|p| |np| if |q| /∈ [e−L0 , eL0], (q,p) ∈H.
Here nq , np are the q and p components of the unit normal vector of H at (q,p) ∈ H
pointing towards U2.
Under these three conditions,H carries at least one closed orbit. This orbit satisfies the estimate
A(q,p) :=
T∫
0
p · q˙ dt  2πr0
with r0 := max{|p|; (q,p) ∈ U1; |q| = 1}.
Proof of Theorem 2. (As a consequence of Theorem 1) Just consider the symplectic diffeomor-
phism between cotangent bundles induced by the mapping
R × SN−1 → RN \ {0},
(s, u) → q = esu.
Its inverse map has a simple expression:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
s = 12 log |q|2,
u = q|q| ,
τ = p · q,
v = |q|(I − q|q| ⊗ qT|q| )p.
It is then easy to check that (H0,1,2) are nothing but (Σ0,1,2) re-expressed in a new system of
symplectic coordinates. 
Note that the “strong force” condition is hidden in hypothesis (H2)(i), (ii) of Theorem 2. This
is clear in the case H= {H(q,p) = h} and H(q,p) = |p|2/2 + V (q). The next two corollaries
deal with this special case. Corollary 3 implies Pisani’s theorem 1.3 [15] which is essentially
equivalent to the result of Benci and Giannoni [6], and Corollary 4 implies Pisani’s main theo-
rem 1.1 in [15].1
1 Note that Pisani only assumes that his potential is of class C2− outside the singularity, while we take it smooth. But
this difference is not essential, since one can approximate Pisani’s potential by a sequence of smooth potentials satisfying
our assumptions, then apply Corollary 4 to find a sequence of periodic orbits of the approximate systems with uniformly
bounded actions, then pass to the limit. The details are left to the interested reader.
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and L0 > 0, the following conditions:{
V (q)+ 12∇V (q) · q  h for |q| e−L0 ,
V (q)+ 12∇V (q) · q  h for |q| eL0 .
Then there is a periodic solution of the Lagrangian system q¨ +∇V (q) = 0, having energy h and
whose action is at most 2πr0, with
r0 = max
{√
2
(
h− V (q)); |q| = 1}.
Of course, under the hypotheses of Corollary 3, (H0,1,2) of Theorem 2 are satisfied byH=
{H(q,p) = h} for H(q,p) = |p|2/2 + V (q) and X equal to (0,p) everywhere. So Corollary 3
immediately follows from Theorem 2.
The next corollary requires some additional work:
Corollary 4. Assume that V is nonpositive and smooth on RN \ {0}, and satisfies, for some
h > 0 , ρ0 > 0, the following conditions:{
V (q)+ 12∇V (q) · q  h for |q| ρ0,
lim|q|→∞ ∇V (q) = 0.
Then there is a periodic solution of the Lagrangian system q¨ +∇V (q) = 0, having energy h and
whose action is at most 2πr0, with
r0 = max
{√
2
(
h− V (q)); |q| = 1}.
Proof. Take V satisfying the conditions of Corollary 4 for some constants h > 0, ρ0 > 0. Let
θ(t) be a smooth real-valued function of the nonnegative real variable t , which equals 1 for
0 t  1 and 0 for t  2. Assume, moreover, that −2 θ ′  0 everywhere. Then, given a large
constant B > 12ρ0 , define the potential
VB(q) = V (q)θ
( |q|
B
)
.
Clearly, VB satisfies the assumptions of Corollary 3 for the same constant h and L0 = log(2B).
So there is a periodic solution qB of the system q¨ + ∇VB(q) = 0 having energy h, with an
action bounded independently of B . The last thing to check is that for B large enough, |qB | <B
everywhere. We do this by contradiction: assume that for some time t0, |qB(t0)|  B . After a
time translation, we may impose t0 = 0. We proceed in three steps:
Step 1. For B large enough, if 0 t 
√
B then |qB(t)| B/2.
Let us show this. Clearly,
sup
{∣∣VB(q)∣∣; |q| 1} sup{∣∣V (q)∣∣; 2B  |q| 1}.
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to infinity. So for B large enough,
sup
{
h− VB(q); |q| 1
}
 B
8
.
But we have |q˙B | = √2(h− VB(qB)). So for B large, |q˙B | 
√
B/2, and the statement of
step 1 follows.
Step 2. Let  > 0. Then, for B large enough, |∇VB(q)| <  for all |q| B/2.
Indeed, it is clear that for |q| B/2
∣∣∇VB(q)∣∣ ∣∣∇V (q)∣∣+ 4|q|
∣∣V (q)∣∣
and by assumption lim|q|→∞ ∇V (q) = 0, hence lim|q|→∞ |V (q)||q| = 0.
Step 3. Let  > 0. Take B large enough. Then the Lagrangian action of qB is greater than
21/2h3/2−1. This contradicts the uniform boundedness of the action of qB .
It only remains to prove this statement. By steps 1 and 2, if 0  t 
√
B , |q¨B(t)| =
|∇VB(qB(t))| < , hence |q˙B(t) − q˙B(0)| < t . But |q˙B(0)| 
√
2h, so the scalar product
q˙B(t) · q˙B(0) remains positive on the time interval [0,
√
2h/] (if we take B  2h/2). If TB
is the period of qB , then
∫ TB
0 q˙B = 0, so we must have TB >
√
2h/. Since the Lagrangian action
of qB is at least hTB , the statement is true, and Corollary 4 is proved by contradiction. 
3. A modified surface
To prove Theorem 1, the first step is to modify our surface. In the sequel, the constants
k0, L0 > 0 are the same as in Assumption (Σ2) and a0 = min{|η|; (s, u, η) ∈ Σ, |s| L0} > 0.
Proposition 5. Assume that Σ satisfies (Σ0,1,2). Then for any L L0 and R > 0 large enough,
there exists a hypersurface Σ˜ of T ∗(R × SN−1) with the following properties:
(Σ˜0) Σ˜ is a smooth hypersurface separating T ∗(R × SN−1) in two components O˜1 and O˜2.
The set O˜1 contains the zero section of T ∗(R × SN−1), and
(a) sup{|η|; (s, u, η) ∈ Σ˜} < ∞,
(b) Σ˜ ∩ {|s| L} = Σ ∩ {|s|L},
(c) Σ˜ is (8L)-periodic in s: if (s, u, η) ∈ Σ˜ then (s + 8L,u,η) ∈ Σ˜ .
(Σ˜1) Let Z be the unique smooth vectorfield defined on T ∗(R × SN−1), which coincides with
ζ in the domain {|s|  4L}, and is (8L)-periodic in the s-variable, namely, Z(s,u, η) =
Z(s + 8L,u,η). Then Z is transverse to Σ˜ , and satisfies d(iZΩ) = Ω .
(Σ˜2) If L < |s| < 2L and (s, u, η) ∈ Σ˜ , then sns < 0, Z(s,u, η) = (0, η) and (η,nη) 
k0|η| |nη|.
(Σ˜3) Σ˜ ∩ {(s, u, η); 2L  |s|  4L} = {(s, u, η); 2L  |s|  4L, |η| = R}. O˜1 ⊃ {(ξ, η);
|η| < a0}.
Proof. To prove the above proposition we will show that it is possible to modify our surface
in the strip {(s, u, η); |s|  4L} in such a way that (Σ˜0,1,2,3) are satisfied in this strip. Then
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We first remark that by (Σ2) for any (s, u, η) in T ∗(R × SN−1), with η = 0 and |s|  L0,
there exists a unique λ = λ(s,u, η) > 0 such that (s, u,λη) ∈ Σ . Now we define f0 :T ∗((R \
[−L0,L0])× SN−1) → R by f0(s, u,0) = 0 and(
s, u,
η
f0(s, u, η)1/2
)
∈ Σ for η = 0.
We see that Σ ∩ {(s, u, η); L< |s| 4L} is the set{
(s, u, η); f0(s, u, η) = 1, L < |s| 4L
}
.
So a natural idea is to ask that Σ˜ ∩ {(s, u, η); L< |s| 4L} be given by{
(s, u, η); f (s,u, η) = 1, L < |s| 4L}, (1)
where f (s,u, η) = (1 − ϕ(s))f0(s, u, η)+ ϕ(s) |η|2R2 and ϕ(s) ∈ C∞(R) is an even function such
that
ϕ(s) = 0 for |s| L,
ϕ(s) = 1 for |s| 2L,
ϕ′(s) > 0 for all L< s < 2L.
(We only modify Σ for |s| L.)
Note that f0 is homogeneous of degree 2. Hence, if
R > max
{|η|; (s, u, η) ∈ Σ, s ∈ [L,2L]},
then
(
s ∈ [L,2L], η = 0) ⇒ f0(s, u, η) > |η|2
R2
. (2)
With such a choice of R, we can verify (Σ˜0,1,2,3) for Σ˜ given by (1). Indeed (Σ˜0), (Σ˜1)
and (Σ˜3) are trivially satisfied. For (Σ˜2), we first remark that ns and ∂sf are proportional on
Σ˜ ∩ {L< |s| < 2L}, so we just have to check that s∂sf (s, u, η) < 0 for L< |s| < 2L and η = 0.
This follows from the following computation:
s∂sf (s, u, η) =
(
1 − ϕ(s))s∂sf0(s, u, η)+ sϕ′(s)
(
−f0(s, u, η)+ |η|
2
R2
)
 sϕ′(s)
(
−f0(s, u, η)+ |η|
2
R2
)
< 0.
To end the proof of (Σ˜2) what remains is to check the inequality (η, ∂ηf ) k0|η| |∂ηf | when
L< s < 2L. We compute
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η, ∂ηf (s, u, η)
)= (1 − ϕ(s))(η, ∂ηf0(s, u, η))+ 2ϕ(s) |η|2
R2

(
1 − ϕ(s))k0|η| |∂ηf0| + ϕ(s)|η|
∣∣∣∣∂η
( |η|2
R2
)∣∣∣∣ k0|η| |∂ηf |. 
We are now ready to construct a compact surface that will satisfy the assumptions of a theorem
by Hofer and Viterbo:
Let M := (R/8LZ) × SN−1, consider the canonical projection P :T ∗(R × SN−1) →
T ∗((R/8LZ) × SN−1), and define S := P(Σ˜). Since M is now compact we will use the
result of Hofer and Viterbo [13] to prove the existence of a closed characteristic x(t) on
S ⊂ T ∗(M) satisfying the bound on the action 0 < A(x)  A0 (see Sections 5 and 6). Let
us point out that the bound A0 will not depend on the choice of L, R in Proposition 5, in fact,
A0 = 2π sup{|η|/(0, u, η) ∈ Σ}. On the other hand, in Section 4 we shall show that we can
choose the constants L, R appearing in Proposition 5 so that any closed characteristic x on S
that satisfies the bound 0 < A(x)  A0 is confined in a region which is not too large, so that it
can be lifted to a closed characteristic on the original surface Σ .
4. An a priori bound
Lemma 6. Take A0 > 0. For L, R chosen large enough, if x(t) :R → S is a closed characteristic
of S such that
0 <A(x)A0,
then it is possible to choose a lift x˜(t) :R → Σ˜ of x(t) with the following properties:
1. x˜ is a closed characteristic on Σ˜ ,
2. writing in coordinates x˜(t) = (s(t), u(t), η(t)) we have the estimate∣∣s(t)∣∣ L (∀t ∈ R).
Hence by (Σ˜0-b) x˜ is a closed characteristic on the original surface Σ as well.
Proof. By Assumption (Σ1), we know that the form iζΩ − η dξ is closed. For N  3, the
manifold R × SN−1 is simply connected, so this form is exact. For N = 2, the form is zero
for s = L0, and the circle {L0} × S1 generates the π1 group of R × S1, so iζΩ − η dξ is also
exact in this case. As a consequence, for any N  2, there is a function f on the cotangent
bundle T ∗(R× SN−1) such that iζΩ − η dξ = df . This function must be equal to a constant f−
(respectively f+) in the domain T ∗((−∞,−L0)×SN−1) (respectively T ∗((L0,+∞)×SN−1)).
Let 0 = f+ − f−. Then, by definition of Z, we must have iZΩ − η dξ = dg, where g is a
function on T ∗(R×SN−1) equal to a constant gm on each domain T ∗((8mL+L0,8(m+ 1)L−
L0)× SN−1) (m ∈ Z), with gm = g0 +m0.
If x˜(t) = (ξ(t), η(t)) is a lift of the closed characteristic x(t) then after a suitable time repara-
metrization, we may assume (ξ, η) is a solution of⎧⎨
⎩
η˙ = −nξ (ξ, η),
ξ˙ = nη(ξ, η),
(ξ(t), η(t)) ∈ Σ˜,
(∗)
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s(t + T )− s(t) = 8mL for some m ∈ Z. (∗∗)
Then
A(x˜) =
T∫
0
η · ξ˙ dt =
T∫
0
iZΩ( ˙˜x)dt −m0.
By assumption, the integrand iZΩ( ˙˜x) is everywhere positive. Moreover, s(t) must cross at least
|m| intervals of the form [8iL + L0,8(i + 1)L − L0], and each crossing gives a contribution of
at least (8L− 2L0)a0k0 to the integral
∫ T
0 iZΩ(
˙˜x)dt . So we find
A0 A(x˜) |m|
(
(8L− 2L0)a0k0 − |0|
)
.
So it is clear that if we choose L big enough then the integer m appearing in (∗∗) must be zero
and x˜ is a closed characteristic on Σ˜ . In the following we choose the lift x˜ so that |s(0)| 4L.
We claim that for this choice we have |s(t)| <L for L and R large enough. To show this, we
just have to prove that x˜ must enter the region where |s| L0. Indeed, there cannot be an interval
[t1, t2] on which L0  s(t) L with s(t0) = L0 and s(t1) = L, since its action would be at least
(L−L0)k0a0, which is larger than A0 for L large.
So the last step, in the proof of Lemma 6, is to show that the two following statements are
false:
(a) x˜ enters the region where |s| 2L,
(b) x˜ is confined in the region where L0 < |s| < 2L.
To rule out statement (a) we observe that if x˜(t) enters the cylinder {(s, u, η); 2L |s| 4L}
then, as long as x˜ stays in this region, ξ(t) = (s(t), u(t)) moves along a geodesic arc on {2L
|s| 4L}×SN−1, hence either ξ(t) joins {|s| = 2L}×SN−1 and {|s| = 4L}×SN−1 or s(t) ≡ s0
is constant. Both cases are impossible for R and L large, since the action would be larger than A0:
indeed the first one would lead to an action
∫ T
0 η · ξ˙ =
∫ T
0 iZΩ(
˙˜x)dt  2LR, while in the second
case we would have ξ(t) = (s0, γ (t)), with γ a parametrization of a circle of radius 1 in Sn−1, so
T∫
0
ηξ˙ dt = R
T∫
0
|ξ˙ |dt = 2πR.
On the other hand if statement (b) were true, then s(t) would not change sign; assume, for
instance, that s(t) is positive (the other subcase is similar): then for all t ∈ [0, T ], ns(t) < 0, thus
T∫
0
τ˙ (t) dt = −
T∫
0
ns(t) dt > 0,
but this contradicts the periodicity of τ and hence (b) is also false.
So we have proved Lemma 6. 
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The key ingredient in our existence proof is a work by Hofer and Viterbo [13], on the
Weinstein conjecture in cotangent bundles of compact manifolds. Let us briefly recall their re-
sult. In this section, M is an arbitrary compact smooth connected manifold of dimension at
least 2, and S is an arbitrary compact smooth connected hypersurface in the cotangent bun-
dle N = T ∗M, such that the bounded component of N \ S in N contains the zero section M0
ofN . Consider a parametrized family of compact hypersurfaces modelled on S , i.e. a diffeomor-
phism ψ : (−δ0, δ0) × S →W ⊂N onto an open neighborhood W of S with compact closure
in N , such that ψ(0, x) = x for all x ∈ S . Take a Hamiltonian H having each hypersurface
Sε := ψ(ε,S) as a regular energy level. Hofer and Viterbo proved that there exists a constant
d(ψ) > 0 such that, for any δ ∈ (0, δ0), there is ε ∈ (0, δ) for which the hypersurface Sε carries
a periodic orbit of H , with the estimate
0 <
∣∣A(γε)∣∣< d(ψ).
Here, A(γ ) := ∫
γ
η dξ is the Liouville action of the orbit γ . Assume, moreover, that the folia-
tion ψ satisfies the following condition:
(C) There exists a constant c > 0 such that, for all  ∈ (−δ0, δ0) and all periodic orbit γ lying
in Sε ,
1
c
L(γ )
∣∣A(γ )∣∣ cL(γ ),
where L(γ ) is the length of the curve γ (for a given Riemannian metric onM).
Under this condition, one can easily pass to the limit δ → 0, and one obtains a periodic orbit
on S , with Liouville action bounded by d(ψ).
We shall use the above result in the particular case defined at the end of Section 3. For this
purpose we will need some more precise estimates on the constant d(ψ), which are not explicitly
written in Hofer–Viterbo’s paper but can be easily obtained from their proof. In the rest of this
chapter, for the reader’s convenience, we give this additional information in full detail, for a
general compact smooth connected manifold M, with its proof. Before going further, let us
explain the basic set-up of Hofer–Viterbo’s proof.
Consider a smooth nondecreasing function ϕ1 :R → R having the following properties:
ϕ1(s) = 0 for s ∈ (−∞,0],
ϕ1(s) = 1 for s ∈ [1,+∞),
ϕ′1(s) > 0 for s ∈ (0,1).
Take a smooth nondecreasing function ϕ2 :R → R, such that
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ϕ′2(s) > 0 for s ∈ (r,+∞),
ϕ2(s) = 12 s
2 for s  2r
with r larger than |η| for all (ξ, η) ∈W =⋃|ε|<δ0 Sε .
Then, given δ > 0 and b > 0, we define a smooth map Hb,δ :N → R by the formulas
Hb,δ(x) := 0 for x ∈ B,
Hb,δ(x) := bϕ1(ε/δ) for x ∈ Sε, ε ∈ [0, δ],
Hb,δ(x) := b for x = (ξ, η) ∈ Aδ, |η| r,
Hb,δ(x) := ϕ2
(|η|)+ b for |η| r.
Here, B is the bounded component of N \ S , and Aδ the unbounded component of N \ Sδ .
Let Λ := H 1(S1,M) and Λ˜ := H 1(S1,N ). We introduce the following action functional
on Λ˜:
Φb,δ(x) :=
∫
S1
η · ξ˙ −Hb,δ(x), x = (ξ, η) ∈ Λ˜, ξ ∈ Λ.
The functional Φb,δ is smooth on Λ˜, and its critical points are the 1-periodic solutions of the
Hamiltonian system
(HS)b,δ : ξ˙ = ∂ηHb,δ, η˙ = −∂ξHb,δ.
Note that Φb,δ(x) is nonincreasing when b increases, or when δ decreases. Moreover, it is a
Lipschitz function of b with Lipschitz constant 1.
The starting point, in the minimax principle leading to the existence of a critical point of Φb,δ ,
is the choice of a suitable compact subset K of Λ. Two choices of K are investigated in [13] (on
any manifoldM, at least one of these choices is possible, by a theorem of Sullivan).
The first possibility is to take K := {ξ¯}, with ξ¯ ∈ Λ a noncontractible loop (if such a loop
exists).
The second possibility is more sophisticated. First of all, let Λ0 ⊂ Λ be the subset of con-
tractible loops. Note that to any point ξ ∈M corresponds a constant loop j (ξ) ∈ Λ0 with value ξ .
This defines a continuous map j :M→ Λ0. Assume that there exists a nontrivial cohomology
class α ∈ H ∗(Λ0) such that j∗α = 0, with j∗ :H ∗(Λ0) → H ∗(M) the pull-back of j . Take a
compact set K ⊂ Λ0 such that i∗Kα = 0, with iK the canonical injection map of K into Λ0.
In both cases, let τ :N →M be the canonical projection. We define
mb,δ(K) := sup
{
Φb,δ(x); x ∈ Λ˜, τ (x) ∈ K
}
.
Then we can state the following result.
Theorem 7. [13] Fix K of one of the two types described above. There exists a continuous
function θ : (0,+∞) × (0,1) → [0,+∞) such that for every (b, δ) there exists a nonconstant
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creasing when b increases, or when δ decreases, and it is a Lipschitz function of b with Lipschitz
constant 1. We have the estimate
0 θ(b, δ)mb,δ(K).
For b large enough, either xb,δ lies in ψ([0, δ] × S), or xb,δ = (ξb,δ, ηb,δ) with ξb,δ a geodesic
of M and |ηb,δ| a constant whose value is at least 2 r . Moreover, if K = {ξ¯}, with ξ¯ ∈ Λ a
noncontractible loop, then τxb,δ and ξ¯ are in the same homotopy class. If, on the contrary, K
only contains contractible loops, then xb,δ is contractible.
Now, under condition (C), we want to find a closed characteristic x on S with a “good”
estimate on its Liouville action A(x) (by definition, a closed characteristic is a loop on S which
is a periodic orbit of any Hamiltonian having S as a regular energy surface). More precisely, we
define
M(K) := lim
(b,δ)→(+∞,0)mb,δ(K).
Then the following property holds, as an easy consequence of Theorem 7.
Corollary 8. Under condition (C), there exists a closed characteristic x on S such that
0 <A(x)M(K).
Moreover, if K = {ξ¯}, with ξ¯ ∈ Λ a noncontractible loop, then τxb,δ and ξ¯ are in the same
homotopy class. If, on the contrary, K only contains contractible loops, then xb,δ is contractible.
Proof. The arguments below are standard, but we give them in detail, for completeness. First of
all, we take δ → 0, for b fixed. We know that for b large enough, either xb,δ lies in ψ([0, δ]×S),
or xb,δ = (ξb,δ, ηb,δ) with ξb,δ a geodesic of M and |ηb,δ| a constant whose value is at least 2 r .
In any case, the estimate θ(b, δ)mb,δ(K) implies, for b fixed, a bound on A(xb,δ) independent
of δ. So, by condition (C), there is a subsequence δn → 0 such that the maps xb,δn converge
in C1(S1,N) to a nonconstant map xb = (ξb, ηb), and either xb lies in S , or ξb is a geodesic
of M and |ηb| a constant whose value is at least 2 r . Let hb := limn→∞
∫
S1 Hb,δn(xb,δn), and
Θ(b) := limδ→0 θ(b, δ). Then:
If ξb is a geodesic ofM with |ηb| 2r , then hb = l2b/2 + b and Θ(b) = l2b/2 − b, with lb the
length of the geodesic.
If xb lies in S , either hb = 0 and Θ(b) = A(xb), or hb = b and Θ(b) = A(xb)− b. Indeed, the
case 0 < hb < b is excluded, since it would imply that for n large, the “speed” |∇xHb,δn(xb,δn)|
of the orbit xb,δn is very large, which would contradict the bound on A(xb,δn), again by condi-
tion (C).
Let us now prove, by contradiction, that there is a sequence bk → +∞ such that xbk lies in S
and hbk = 0 for all k.
Assume that there is no such sequence bk . Then for all b large enough, either Θ(b)+b = l2b/2,
or Θ(b)+ b = A(xb). Since the functions θ(b, δ) are 1-Lipschitz in b, so is Θ , and the function
b → Θ(b) + b is continuous. But the set L of all geodesic lengths in M has zero measure
in R, and we may assume that the set of the Liouville actions of all closed characteristics on S
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corollary can be extended to the “nongeneric” cases (see [9] for a similar argument). Then the
function Θ(b) + b must be constant. But Θ(b)  0, so Θ(b) + b goes to infinity as b goes to
infinity: this is a contradiction, and the existence of the sequence (bk) is proved.
To end the proof of the corollary, just take k → ∞. Since A(xbk ) = Θ(bk) limδ→0 mbk,δ(K),
we see from condition (C) that, up to extraction of a subsequence, xbk converges in C1(S1,N )
to a closed characteristic x of S , and we have A(x) = limk→+∞ Θ(bk) ∈ [0,M(K)]. By condi-
tion (C), A(x) = 0. We thus have the desired estimates 0 <A(x)M(K).
Finally, note that the limit orbit x is in the same homotopy class as the loops xb,δ , hence the
last point in Corollary 8. 
6. Proof of Theorem 1
We shall apply Corollary 8 to the particular case defined at the end of Section 3. We re-
call the notations of this section: the compact manifold is M := (R/8LZ) × SN−1. We denote
P :T ∗(R×SN−1) → T ∗((R/8LZ)×SN−1) the canonical projection, and we consider the com-
pact hypersurface S := P(Σ˜); an arbitrary point onM will be denoted ξ = (s + 8LZ, u).
To define a foliation in the neighborhood of S we will use the flow generated by the contact
vectorfield P∗Z. Therefore all leaves of the foliation will differ only by a symplectic dilation so
we just need to check that condition (C) is fulfilled on S .
Indeed, following the notations of the proof of Lemma 6, if x is a closed characteristic on
S and x˜ its lift on Σ˜ , we see that iZΩ( ˙˜x) κ0| ˙˜x| for each closed characteristic x on S , where
κ := minx∈Σ˜ (n(x) · Z(x)) is positive. So if x˜ is closed, the lower estimate of (C) is true for1
c
 κ . In the general case, by the same arguments as in the proof of Lemma 6, one finds that the
lower estimate is satisfied for 1
c
min{κ,R − |0/2L|}. The upper estimate is clearly true for c
large enough, since S is compact.
As far as the choice of the compact set K is concerned we have to distinguish2 the case
N = 2 and N > 2. In the case N = 2, we define ξ¯ (t) := (0, cos(2πt), sin(2πt)). The loop ξ¯ is
noncontractible inM, and we take K := {ξ¯}.
In the case N  3, we define a suitable cohomology class in HN−2(Λ0). Let v be a volume
form on SN−1, and denote [v] its cohomology class in HN−1(SN−1). Consider the projection
map p : (s + 8LZ, u) ∈ (R/8LZ) × SN−1 → u ∈ SN−1. Let γ := p∗[v] ∈ HN−1((R/8LZ) ×
SN−1). Consider next the evaluation map
e : (t, ξ) ∈ S1 ×Λ0 → ξ(t) ∈ (R/8LZ)× SN−1.
Let β := e∗γ .
Now, denote σ the homology class, in H1(S1), of S1 itself (with the same orientation). To
each λ ∈ HN−2(Λ0) we may associate the homology class σ ⊗ λ ∈ HN−1(S1 × Λ0), and this
map is linear (here we use Kunneth’s formula).
The product α(λ) := 〈β,σ ⊗ λ〉 defines a cohomology class α ∈ HN−2(Λ0). Obviously,
j∗α = 0 with j :M → Λ0 the injection defined above. Indeed, for N > 3, HN−2((R/8LZ) ×
SN−1) is zero by the Kunneth formula. For N = 3, H1((R/8LZ) × S2) = R is spanned by
2 Note that when N = 2, we only need a result for the cotangent bundle of the 2-torus. In this particular case, and
imposing, moreover, the condition that the vector field (0,p) is everywhere transverse to the energy hypersurface, one
could use, instead of [13], a result of Felmer [10].
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pe(σ ⊗ j∗κ) = 0, hence
〈j∗α,κ〉 = 〈β,σ ⊗ j∗κ〉 =
〈[v],pe(σ ⊗ j∗κ)〉= 0.
Finally, we denote n := (0, . . . ,0,1) ∈ SN−1, and we define the map
H : (t, k) ∈ S1 × SN−2 → (0, cos(2πt)n+ sin(2πt)(k,0)) ∈ S1 × SN−1.
For k ∈ SN−2, denote hk : t → H(t, k). Let
K := {hk; k ∈ SN−2}.
Call μ the homology class of the map k → hk in HN−2(K). Since H has degree 1, we easily get
〈α,μ〉 = Vol(SN−1) > 0. As a consequence, i∗Kα is nonzero.
Now, in both cases (N = 2 and N  3), let
r0 := sup
{|η|/(0, u, η) ∈ Σ}.
Going back to the construction of Hb,δ in the previous section, for any u ∈ SN−1 and η ∈
T ∗(0,u)M , Hb,δ((0, u), η) is nonnegative, and
• if |η| eδr0, then Hb,δ((0, u), η) b,
• if |η| 2r , then Hb,δ((0, u), η) = b + |η|2/2.
So we easily see that
M(K) 2πr0.
Theorem 1 is thus a consequence of Lemma 6 and Corollary 8.
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